A simple and accurate method is proposed for the vibration analysis of rectangular plates with one or more guided edges, in which bicubic B-spline interpolation in combination with a new type of basis cubic B-spline functions is used to approximate the plate deflection. This type of basis cubic B-spline functions can satisfy simply supported, clamped, free, and guided edge conditions with easy numerical manipulation. The frequency characteristic equation is formulated based on classical thin plate theory by performing Hamilton's principle. The present solutions are verified with the analytical ones. Fast convergence, high accuracy and computational efficiency have been demonstrated from the comparisons. Frequency parameters for 13 cases of rectangular plates with at least one guided edge, which are possible by approximate or numerical methods only, are presented. These results are new in literature.
Notation
Standard cubic B-spline function; φ i (x), ψ j (y) Local basis cubic B-spline functions in x and y directions, respectively; ⊗ Kronecker product of two matrices or two vectors.
Introduction
Flexural vibration of rectangular plates under various combinations of the three classical edge conditions, i.e. simply supported, clamped and free edges, has been studied extensively. The three classical edge conditions are simply three of the four possible combinations of essential and natural conditions. The fourth mathematically possible boundary condition has zero rotation (essential condition) and zero effective shear force (natural condition), which has been referred to in the literature as the guided [2] or sliding edge [11] . Although the fourth edge condition is not as important as the three classical ones, it may be encountered in various disciplines of engineering. For example, in mechanical engineering, the bearings may have guided contact with the supported member. The boundary of a piston inside a circular cylinder with narrow clearance may appropriately be modeled as a guided edge.
There exist 21 possible combinations of the three classical edge conditions for rectangular plates, and accurate results for the free vibration of rectangular plates with all 21 combinations of edge conditions have been presented by Leissa [6] . The number of all possible combinations gives rise to 34 additional ones when at least one guided edge is involved. Of all these 34 cases, analytical solution is possible for 21 cases only, and the analytical solutions of the frequency parameters for the 21 cases have been presented by Bert and Malik [2] . The solutions of the remaining 13 cases are possible by approximate or numerical methods only, however, no investigation has been reported. The main purpose of this study is to provide accurate results of frequency parameters for the remaining 13 cases via bicubic B-spline method.
The concept of bicubic spline interpolation was first introduced by Boor [3] . The first application of bicubic B-splines in engineering analysis was reported by Antes [1] for bending analysis of plates. Shen, He and Le [9] presented so-called multivariable spline element method for vibration analysis of rectangular plates. However, their work was limited to plates with clamped or simply supported edges only due to the restrictions of the basis cubic B-spline functions adopted [5] .
In this paper, firstly, a new type of basis cubic B-spline functions is constructed. This type of basis cubic B-spline functions can effectively satisfy simply supported, clamped, free and guided edge conditions with easy numerical manipulation. Any beam functions can be accurately approximated by the new type of basis B-spline functions. The plate deflection is chosen as field function and expressed as the product of basis cubic B-spline functions in both x and y directions. The frequency equation is formulated based on classical thin plate theory by performing Hamilton's principle. The validity of the present approach is well established by demonstrating the excellent agreement between the present results and those of analytical solutions by Bert and Malik [2] . As an application of the proposed method, frequency parameters of 13 cases of rectangular plates with at least one guided edge, which are possible by approximate or numerical methods only, are presented.
Functional of free vibrating plate
Consider a thin, isotropic rectangular plate of length a, width b, uniform thickness d, and mass per unit area ρ. For small amplitude free vibration, the plate deflection w(x, y, t) may be written by
where W (x, y) is the amplitude and ω is the circular natural frequency of the plate. The curvature is given by
The strain energy U and the kinetic energy T are expressed, respectively, by
in which [D] is flexural rigidity matrix, as follows:
where E is Young's modulus, µ is Poisson's ratio. The functional of a thin plate for free vibration is:
Bicubic B-spline interpolation
The mathematical expression of standard cubic B-spline function can be expressed as
The graphical representation of standard cubic B-spline function is shown in Fig. 1 . It's seen from Fig. 1 that standard cubic B-spline function is a piecewise cubic polynomial. Cubic B-spline function has mathematical properties which are advantageous in numerical analysis. The mathematical properties of cubic B-spline functions are well documented by Boor [4] and Schumaker [8] .
Consider a uniform beam of length l. The beam is divided into N equivalent spline sections by means of spline nodes. The beam deflection can be taken as the summation of N + 3 terms and each term can be represented by a local dimensionless cubic B-spline function, as shown in Fig. 2 . It's observed from Fig. 2 that, at any spline node, the displacement expression has three non-zero terms only, e.g. only ϕ 3 (
) have non-zero contributions to the displacement at the ith spline node. However, it's difficult to account for different boundary conditions using ordinary cubic B-spline interpolation. The three local B-spline functions at the boundary, therefore, must be constructed to accommodate different edge conditions. Several kinds of basis cubic B-spline functions have been proposed by Qin [7] and one of which has been commonly used by other researchers [9, 10, 12] . This commonly used kind of basis cubic B-spline functions can satisfy simply supported and clamped edges conveniently, however, free and guided edges may not be satisfied [5] .
The new type of basis cubic B-spline functions
In the present paper, a new type of basis cubic B-spline functions is constructed, as follows 
The three boundary cubic B-spline functions at both ends are linearly combined to satisfy different edge conditions, as sketched in Fig. 3 . By virtue of the new type of basis cubic B-spline functions in Eq. (8), the beam deflection can be expressed as
where
is undetermined coefficient at the ith spline node. It's well known that in energy approaches admissible functions have to satisfy geometrical boundary conditions but need not satisfy natural boundary conditions. However, from a practical consideration of the rate of convergence, it is desirable to satisfy natural boundary conditions if possible [13] . The new type of basis cubic B-spline functions has desirable characteristics for numerical analysis since it can satisfy all geometrical boundary conditions and part of natural boundary conditions of the four kinds of edge conditions. For example, at the end x = 0, Eq. (9) yields And at the end x = 0, Eq. (8) gives
It's observed from Eqs (10-13) that only one term has contribution to the deflection, slope and second derivative of the deflection at the boundary. Therefore, except the prescribed values for third derivatives of the deflection at the boundary, the new type of basis cubic B-spline functions can satisfy geometrical boundary conditions and prescribed second derivative of deflection for the four kinds of edge conditions. For example, for clamped end of the beam at x = 0, the boundary conditions are w(0) = 0, w (0) = 0 and w (0) = 0. Those undetermined coefficients corresponding to φ −1 (0) and φ 0 (0), i.e. a −1 and a 0 , thus should be equal to zero. For simply supported end of the beam at x = 0, the boundary condition is w(0) = 0, w (0) = 0, w (0) = 0, thus a −1 and a 1 should be equal to zero. For free end of the beam at x = 0, the boundary condition is w(0) = 0, w (0) = 0, w (0) = 0, thus a 1 should vanish. Likewise, for guided end of the beam at x = 0, the boundary condition is w(0) = 0, w (0) = 0, w (0) = 0, thus a 0 should vanish. The case for the end at a = l is similar. Hence, simply supported, clamped, free and guided edges can be implemented with ease by using the new type of basis cubic B-spline functions. It should be noted that the numerical manipulation to eliminate the corresponding coefficients can be easily carried out in computer programme.
Bicubic B-spline interpolation
To express the plate deflection by bicubic B-spline approximation, the plate is divided into N and M equivalent spline sections in x and y directions, respectively, as shown in Fig. 3 . Thus 
where N and M are integers and N, M > 4, h x and h y are spline section lengths in x and y directions, respectively.
Based on the technique of separation of variables, the amplitude of the plate deflection may be represented in the form
where a i,j is undetermined coefficient at the spline node (i, j), φ i (x) and ψ j (y) are the ith and jth local basis cubic B-spline functions in x and y directions, respectively, as in Eq. (8) . In matrix form, Eq. (14) can be written as
where [φ(x)] and [ψ(y)] are basis cubic B-spline functions vectors in x and y directions, respectively, as follows
and
is undetermined spline nodal coefficient vector, in which
and the symbol, ⊗, means the Kronecker product of two matrices or two vectors.
Frequency characteristic equation
The amplitude of the plate deflection in Eq. (15) can be further written as
The curvature vector in Eq. (2) can, therefore, be expressed as Thus we have
Upon substitution of Eqs (19) and (20) into Eq. (6), the following expression is obtained
where [K] and [M ] are the stiffness matrix and the mass matrix of the plate, respectively, as follows 
By Hamilton's principle, the functional Π in Eq. (23) can be minimized with respect to the undetermined coefficient vector {δ}. The minimization procedure results in the generalized eigenvalue equation as follows
With the definition of the following spline matrices
Equations (24) and (25) can be written as 
) and the dimension of spline matrices
The spline matrices are given in Appendix. Edge conditions can be imposed by eliminating rows and columns of the spline matrices associated with zero spline nodal coefficients at the boundaries of the plate. For example, for a clamped edge at x = 0, as stated earlier in last section, the spline nodal coefficients a −1,j and a 0,j (j = −1, 0, 1, · · · , M,M + 1) should be equal to zero. Accordingly, the first two rows and columns of the spline matrices
Similarly, for a simply supported edge at x = 0, the first and third rows and columns of the spline matrices should be eliminated; and for a free edge at x = 0, the third row and column of the spline matrices should be eliminated. Likewise, for a guided edge at x = 0, the second row and column of the spline matrices should be eliminated. The case for the end at x = a, y = 0, y = b is similar. Upon application of edge conditions, the free vibration problem of the rectangular plate is reduced to generalized eigenvalue problem in Eq. (26). 
Numerical results
Based on the bicubic B-spline method presented in the foregoing sections, a general unified computational program is developed for vibration analysis of rectangular plates with one or more guided edges. For the purpose of description, a notation will be adopted as follows. Consider the rectangular plate shown in Fig. 3 , the symbolism FSGC, for example, will identify a rectangular plate with edges x = 0, y = 0, x = a, y = b having free(F), simply supported(S), guided(G), and clamped(C) edge conditions, respectively.
Convergence study
Before making detailed computations it is considered imperative to decide the suitable number of spline sections used and investigate the accuracy of the solutions. The rectangular SSSG plate is used for convergence study. The exact solutions of the dimensionless natural frequency Ω = ωa 2 ρ/D. are given by Bert and Malik [2] . These results are used to check the accuracy of the results obtained from the present method and determine the suitable number of spline sections. The rate of convergence of the frequencies corresponding to the first six modes is presented in Table 1 . The number of spline sections in both x and y directions is varied from 6 × 6 to 20 × 20. It can be observed from Table 1 that the rate of convergence for the fundamental frequency is very fast. Full convergence is achieved with N × M = 14 × 14. Based on the convergence study, 14 × 14 spline sections are used hereafter for calculating frequencies.
Numerical examples
Bert and Malik [2] presented analytical solutions of frequency parameters for 21 cases of rectangular plates with one or more guided edges. The 21 cases have been sorted into three groups, i.e. plates with two opposite edges simply supported, plates with one edge simply supported and opposite edge guided, and plates with two opposite edges guided. The first nine frequency parameters of three cases from the three groups, i.e. SCSG, SGGF, and GGGG, are computed by the present method and compared with the analytical solutions in Tables 2-4 , respectively. The agreement between the present solutions and analytical ones is impressive.
Bicubic B-spline solutions for plates with guided edges
As has been stated in the introduction, for rectangular plates with at least one guided edge there exist 34 combinations of edge conditions, among which 21 cases have analytical solutions and have been given by Bert and Malik [2] . However, no study has been reported for the remaining 13 cases that have approximate or numerical solutions only. Nevertheless, the numerical accuracy and versatility of the present bicubic B-spline approach have been well validated from the above comparisons. Bicubic B-spline solutions for the first nine frequency parameters of the 13 cases of rectangular plate over a range of aspect ratios are given in Tables 5-17 for future comparison. The plate geometrical description is the same as shown in Fig. 3 and the aspect ratio r = a/b. The frequency parameter is ωa 2 ρ/D.
Conclusions
This work concerns the free vibration of thin isotropic rectangular plates with at least one guided edge. A versatile type of basis cubic B-spline functions has been first developed to satisfy simply supported, clamped, free, and guided edge conditions with easy numerical manipulation. Incorporating the new type of basis cubic B-spline functions, bicubic B-spline interpolation is used to represent the plate deflection. The frequency characteristic equation is derived on classical thin plate theory by performing Hamilton's principle.
There exist 34 combinations of edge conditions for rectangular plates, with at least one guided edge, among which 21 cases have analytical solutions and have been given by Bert and Malik [2] . The present solutions are compared with the analytical ones by Bert and Malik [2] . Rapid convergence, high accuracy and computational efficiency of the present method have been demonstrated from the excellent agreement of the comparisons.
By using the present bicubic B-spline approach, extensive computations were performed for natural frequencies of 13 cases of rectangular plates having one or more guided edges with various aspect ratios. These numerical results provided in this paper are believed to fill the gap in literature on rectangular plates with guided edge(s).
Appendix
The elements of the spline matrices in Eqs (27)-(30), i.e. 
